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Abstract
In this paper we prove a general Ascoli theorem in the uniform setting of approach theory.
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1. Introduction
In this paper we will deal not only with approach spaces [5], but also and mainly with
their uniform counterpart as introduced in [6]. In [5,6] various characterizations of both
the local and uniform types of approach structures are given. For our purposes it is most
convenient to use the characterizations which make use of ideals of pseudo-quasi-metrics,
shortly pq-metrics. We note that our pq-metrics are not required to be finite and that the
word ideal here has to be understood in the order-theoretic sense.
Let G be an ideal of pq-metrics, then we say G is locally saturated if, whenever e is a
pq-metric such that
∀x ∈X, ∀ε > 0, ∀ω <∞, ∃d ∈ G: e(x, .)∧ω  d(x, .)+ ε
it follows that e ∈ G. Such a locally saturated ideal will be referred to as a gauge. An
approach space then is a pair (X,G) where G is a gauge.
We say that an ideal G consisting of p-metrics is globally (or uniformly) saturated if,
whenever e is a p-metric such that
∀ε > 0, ∀ω <∞, ∃d ∈ G: e ∧ω  d + ε
E-mail address: rlow@ruca.ua.ac.be (R. Lowen).
0166-8641/$ – see front matter  2003 Published by Elsevier B.V.
doi:10.1016/S0166-8641(03)00210-4
208 R. Lowen / Topology and its Applications 137 (2004) 207–213
it follows that e ∈ G. Such an ideal will be called a uniform gauge. A pair (X,G) where G
is a uniform gauge will be referred to as a uniform gauge space. Note that this terminology
differs from the one used in [6].
In both cases (approach spaces and uniform gauge spaces) the associated morphisms
are defined in the same way. Let (X,GX) and (Y,GY ) be approach spaces (respectively
uniform gauge spaces) and let f :X → Y be a function. We say that f is a contraction
(respectively a uniform contraction) if
∀d ∈ GY : d ◦ (f × f ) ∈ GX.
Equivalent formulations of contractivity and uniform contractivity bring the difference
between local and global saturation to light. A map is a contraction if and only if
∀x ∈X ∀d ∈ GY ∀ε > 0 ∀ω <∞ ∃e ∈ GX : d
(
f (x), f (·))∧ ω e(x, ·)+ ε,
whereas it is a uniform contraction if and only if
∀d ∈ GY ∀ε > 0 ∀ω <∞ ∃e ∈ GX : d ◦ (f × f )∧ ω e+ ε.
Approach spaces and contractions form a topological category (in the sense of [1]),
and so do uniform gauge spaces and uniform contractions [5,6]. We will denote these
categories, respectively, Ap and UG. The relation among these categories and well-known
related categories is depicted in the following diagram:
UG Unifcr
pMet
c
c
Ap Topcr
Top (respectively Unif) is embedded in Ap (respectively UG) simultaneously bireflec-
tively and coreflectively. The well-known functorial relation between Top and Unif, to a
large extent, carries over to Ap and UG. The most remarkable aspect of the diagram takes
place on the left side. pMet (with non-expansive maps) is fully and coreflectively embed-
ded in both Ap and UG. The thus obtained subcategories are not stable under the formation
of infinite products. Taking an infinite product of p-metric approach spaces in Ap, provides
the underlying product-set with an approach structure which, in general, is neither p-metric
nor topological but which has as topological coreflection precisely the product topology of
the topologies underlying the p-metrics. The same situation presents itself in the uniform
case. We will not dwell on this particularly important aspect of approach theory here but
rather refer the interested reader to [5] and [6].
All functors in the diagram are identities on morphisms and hence are completely
determined by their actions on objects. If (X,G) is an approach space, then the topological
coreflection of (X,G) is determined by the closure operator: x ∈ A⇐⇒ ∀ε > 0, ∀d ∈
G, ∃y ∈ A: d(x, y) < ε. If (X,G) is a uniform gauge space then the uniform coreflection
has as uniformity simply the one generated by G. If (X,d) is a p(q)-metric space then both
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the gauge (in the case of a pq-metric) and the uniform gauge (in the case of a p-metric)
are given by the principal ideal generated by {d}. If (X,T ) is a topological space then it
is embedded into Ap by associating with it the gauge consisting of all pq-metrics which
generate topologies coarser than T . A uniform space is embedded into UG simply by
associating with it the set of all uniformly continuous p-metrics, which, as can easily be
verified, actually is a uniform gauge in our sense.
It is clear that a gauge generated by p-metrics is also a uniform gauge. Hence the
subcategory of Ap consisting of all subspaces of products of p-metric spaces is actually
embedded into UG. This embedding is even full and it extends the well-known embedding
of Creg into Unif via the fine uniformity. Given a uniform gauge the underlying gauge
is the smallest gauge which is, in general, strictly finer. It is obtained by saturating the
uniform gauge for the local saturation property.
In order to prove an Ascoli theorem in the setting of approach theory we now require
three main items. First of all we need function spaces, second we need a notion of
precompactness and third we need a notion of equicontractivity.
2. Function spaces, precompactness and equicontractivity
Suppose we are given two uniform gauge spaces (X,GX) and (Y,GY ) and let Σ be a
cover of X which is closed under finite unions. Let H be any collection of functions from
X to Y . Then we define a uniform gauge on H as follows. For any A ∈Σ and any d ∈ GY
we define
Dd,A :H×H→[0,∞]: (f, g) → sup
x∈A
d
(
f (x), g(x)
)
.
Clearly these functions are p-metrics and hence they determine a uniform gauge. Actually
they form a basis for an ideal and the uniform gauge generated by this basis is obtained
by saturating the set {Dd,A | d ∈ GY , A ∈ Σ} for the uniform saturation property. We
will denote this uniform gauge by 〈Σ,GY 〉. The following proposition tells us what is
the relation between this structure on H and well-known function space uniformities and
topologies. We leave the easy verification to the reader.
Proposition 2.1. If (X,GX) and (Y,GY ) are uniform gauge spaces, H ⊂ YX and we
consider the uniform gauge 〈Σ,GY 〉 on H then the following hold:
(1) The topological (respectively uniform) coreflection is structured with the topology
(respectively uniformity) of uniform convergence on Σ-sets.
(2) The p-metric coreflection (both in Ap and in UG) is structured with the supremum
p-metric.
For any set X we denote by 2(X) the set of all finite subsets of X. In [5] a measure of
compactness µc(X) for an approach space (X,G) was defined by
µc(X) := sup
ϕ∈GX
inf
Y∈2(X)
sup
z∈X
inf
x∈Y ϕ(x)(x, z).
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Actually this definition extends the well-known measure introduced by K. Kuratowski in
[3] (there called measure of non-compactness). This measure has most properties which
one might want it to have. In particular, a Tychonoff theorem holds for it, for topological
spaces µc(X)= 0 if and only if X is compact, for metric spaces µc(X)= 0 if and only if
X is precompact and µc(X) <∞ if and only if X is bounded. For a proof of these facts
we refer the interested reader to [4] and [5].
If X is the approach reflection of a uniform gauge space (X,G), then the foregoing
formula for µc(X) need not be changed. In other words, instead of the gauge generated by
G, a generating subset, in this case G itself can be taken.
In [6] a measure of precompactness for uniform gauge spaces was defined in terms of
towers of semi-uniformities (which provide another way of characterizing uniform gauge
spaces). We rephrase this definition in terms of uniform gauges. For a uniform gauge space
(X,G) its measure of precompactness is defined by
µpc(X)= sup
d∈G
inf
Y∈2(X)
sup
z∈X
inf
x∈Y d(x, z).
It is interesting to compare the formulas for µc (for the underlying approach space)
and µpc (for the uniform gauge space itself). What we see is that they are entirely the
same except for the first supremum, which in the case of compactness ranges over the
set GX and in the case of precompactness ranges over the set G. In the approach case,
which just as topology is a local theory, the p-metrics must be allowed to vary from point
to point, and in the uniform gauge case, which just as uniformity is a global theory, the
same p-metric has to be chosen in every point. It was already shown in [6], but is easily
deduced from the above formula that for the measure of precompactness too a number of
good consistency results hold. Thus, e.g., µpc  µc, for uniform spaces µpc(X)= 0 if and
only if X is precompact, for metric spaces µpc(X) = 0 if and only if X is precompact
and µpc(X) <∞ if and only if X is bounded. The following example shows that even
in a metric space the measure of precompactness, just as the measure of compactness,
can attain any value. Let [0, a] be equipped with the Euclidean metric and consider the
supremum-metric on X := [0, a]N. Then it can easily be verified that µpc(X) = a. Also,
the ineqiality µpc  µc is, in general, strict. To see this, it suffices to take a precompact
non-compact uniform space and embed it in UG. Then one measure is zero whereas the
other one is infinite. One small supplementary result which we require is the following.
The easy proof is again left to the reader.
Proposition 2.2. If X is a uniform gauge space and A1, . . . ,An are subsets of X then
µpc(
⋃n
i=1 Ai) supni=1 µpc(Ai).
Next we need a concept of equicontractivity. If (X,GX) and (Y,GY ) are uniform gauge
spaces, then H⊂ YX is called uniformly equicontractive if
∀d ∈ GY , ∃e ∈ GX, ∀f ∈H: d ◦ (f × f ) e,
and it is clear that it is sufficient that the condition be satisfied for all d in a basis for GY .
Clearly, if H is uniformly equicontractive then each f ∈H is a uniform contraction,
and a subset of a uniformly equicontractive set is again uniformly equicontractive. The
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following result is easily verified and we leave this to the reader. Note the remarkable
characterization in the metric case.
Proposition 2.3. In the case of uniform spaces X and Y a set H ⊂ YX is uniformly
equicontractive if and only if it is uniformly equicontinuous, and in the case of p-metric
spaces X and Y a set H ⊂ YX is uniformly equicontractive simply when it consists of
uniform contractions, i.e., non-expansive maps.
Since in what follows we will explicitly be working with the measure of precompact-
ness, the nicest formulation of an Ascoli theorem is obtained if we also work with natural
measures of uniform contractivity and equicontractivity. Taking into account the second
characterization of uniform contractions given in the first section, the following measures
seem natural. For any f ∈ YX we define the measure of uniform contractivity of f as
µuc(f ) := inf
{
δ | ∀d ∈ GY ∃e ∈ GX: d ◦ (f × f ) e+ δ
}
,
and obviously then, for any H ⊂ YX we define the measure of uniform equicontractivity
of H as
µuec(H) := inf
{
δ | ∀d ∈ GY ∃e ∈ GX ∀f ∈H: d ◦ (f × f ) e+ δ
}
.
It is beyond the scope of this paper to show this, but there are several consistency
results proving that these are indeed natural concepts in approach theory. In accordance
with Proposition 2.3 it is easily seen that in the case of p-metric spaces µuec(H) =
supf∈Hµuc(f ). The following example however shows that, in general, this is not the
case, and moreover that the measure of uniform equicontractivity can attain all possible
values, even for a set where all the individual functions are uniform contractions. Consider
again X := [0, a]N but now equipped with the product uniform gauge. Then all projections
prn : [0, a]N→ [0, a] are uniform contractions but it can be verified that with H := {prn |
n ∈N} we have µuec(H)= a.
3. An Ascoli theorem
Let (X,GX) and (Y,GY ) be uniform gauge spaces, let Σ be a cover of X and letH⊂ YX
be an arbitrary collection of maps. Further let H be equipped with the uniform gauge
structure induced by 〈Σ,GY 〉. For any x ∈ X the “point-x-evaluation map” is denoted as
follows:
evx :H→ Y : f → f (x).
Further, if A⊂X then we putH|A := {f |A | f ∈H}. Ascoli’s theorem basically describes
(pre)compact subsets of function spaces, but a few peripheral results are also well known
and used in this context, see e.g [2]. A first one states that: “if H is precompact then so, for
any x ∈X, is evx(H)”. This is a consequence of the following general result.
Proposition 3.1. The following inequality holds:
sup
x∈X
µpc
(
evx(H)
)
µpc(H).
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Proof. For any x ∈X choose A ∈Σ such that x ∈A. Then it follows that d ◦ (f × f )
Dd,A. Hence, for any x ∈ X, the map evx :H → Y is a uniform contraction. Hence,
the result is an immediate consequence of [6] where it was shown that, under uniform
contractions, the measure of precompactness decreases. ✷
Another result in this context states that: “for any A ∈Σ , if all the functions in H have
uniformly continuous restrictions to A and if H itself is precompact, then H is uniformly
equicontinuous”. Again, this is a consequence of the following general result.
Proposition 3.2. For any A ∈Σ the following inequality holds:
µuec(H|A) 2µpc(H)+ sup
f∈H
µuc(f |A).
Proof. We suppose that all values on the right-hand side are finite, otherwise there is
nothing to prove, and we choose α such that
µpc(H)= sup
d∈GY ,A∈Σ
inf
K∈2(H)
sup
f∈H
inf
g∈K
sup
a∈A
d
(
f (a), g(a)
)
< α. (1)
Next we also choose β such that for all h ∈H
µuc(h|A)= inf
{
δ | ∀d ∈ GY ∃e ∈ GX : d ◦ (h|A × h|A) e+ δ
}
< β. (2)
Now fix d ∈ GY and A ∈Σ . From (1) it follows that there exists a finite subset K ⊂H
such that supf∈H infg∈K supa∈A d(f (a), g(a)) < α. From (2), for any g ∈ K there exists
eg ∈ GX such that d ◦ (g|A × g|A)  eg + β . Put e := supg∈K eg ∈ GX . Then, if f ∈ H
we can find g ∈K such that for all a ∈A, d(f (a), g(a)) < α. Hence it follows that for all
x, y ∈A:
d
(
f (x), f (y)
)
 d
(
f (x), g(x)
)+ d(g(x), g(y))+ d(g(y), f (y))
 α + eg(x, y)+ β + α  e(x, y)+ (2α + β). ✷
The classical theorem of Ascoli, [2] states that: “if each set in Σ is precompact, if for
each set A ∈ Σ the collection H|A is uniformly equicontinuous and if for each x ∈ X,
evx(H) is precompact, then H is precompact”. This, finally, is a consequence of the
following Ascoli theorem, which, analogously to the foregoing two propositions, again
has no conditions, since they are “encapsuled in the inequality”.
Theorem 3.3. The following inequality holds:
1
2
µpc(H) sup
x∈X
µpc
(
evx(H)
)+ sup
A∈Σ
µpc(A)+ sup
A∈Σ
µuec(H|A).
Proof. Again, we suppose that all values on the right-hand side are finite, and we let α and
β be such that, for all x ∈X and A ∈Σ :
µpc
(
evx(H)
)= sup
x∈X
sup
d∈GY
inf
F∈2(H)
sup
f∈H
inf
g∈F
d
(
f (x), g(x)
)
< α, (3)
µpc(A)= sup
A∈Σ
sup
e∈GX
inf
B∈2(A)
sup
a∈A
inf
b∈B e(a, b) < β. (4)
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Next we also choose γ such that for all A ∈Σ , µuec(H|A) < γ , which implies that
∀d ∈ GY ∃e ∈ GX ∀k ∈H|A: d ◦ (k× k) e+ γ. (5)
Now fix d ∈ GY and A ∈Σ . From (5) it follows that there exists e ∈ GX such that for all
f ∈H:
d ◦ (f |A × f |A) e+ γ.
For this e, from (4) it then follows that there exists a finite subset B ⊂ A and a function
A→B: a → ba such that e(a, ba) < β .
Let Z :=⋃b∈B evb(H)⊂ Y . Then it follows from (3) and Proposition 2.2 that
µpc(Z)= µpc
(⋃
b∈B
evb(H)
)
 sup
b∈B
µpc
(
evb(H)
)
< α.
Hence, there exists a finite subset C ⊂ Z and a function Z → C: z → cz such that
d(z, cz) < α. For any h ∈ CB let B(h) := {f ∈H | ∀b ∈ B: d(f (b),h(b)) < α}.
Now, fix f ∈H, and consider the function hf :B→ C: b → cf (b). It then follows that
f ∈ B(hf ). Let K := {h ∈ CB | B(h) = ∅}. Then the foregoing shows that the collection
{B(h) | h ∈K} is a finite cover of H. Now for each h ∈K we choose an arbitrary function
gh ∈ B(h) and we let F := {gh | h ∈ K}. Then F is a finite subset of H and, by the
foregoing, we obtain that for any a ∈A
d
(
f (a), ghf (a)
)
 d
(
f (a), f (ba)
)+ d(f (ba), hf (ba))
+ d(hf (ba), ghf (ba))+ d(ghf (ba), ghf (a))
= d(f (a), f (ba))+ d(f (ba), cf (ba))
+ d(hf (ba), ghf (ba))+ d(ghf (ba), ghf (a))

(
e(a, ba)+ γ
)+ α + α + (e(a, ba)+ γ ) 2(α+ β + γ ),
which by the arbitrariness of respectively a ∈ A, d ∈ GY and A ∈ Σ shows that
µpc(H|A) 2(α+ β + γ ). ✷
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